We perform the dimensional reduction of the spacetime of a stack of N D3-branes by the "twist" identification of a circle to obtain a new Melvin background. In the near-horizon limit the background becomes the magnetic-flux deformed AdS 5 ×S 4 or AdS 4 ×S 5 spacetime.
Introduction
The investigation of the duality between type IIB superstring theory in AdS 5 × S 5 and planar limit of N = 4 supersymmetric Yang-Mills theory [1, 2] and extending it to less supersymmetric cases [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] may allow us to find simple string-theoretic descriptions of various dynamical aspects of gauge theories, from high-energy scattering to confinement. This AdS/CFT duality is an example of strong coupling -weak coupling duality as the large N perturbative expansion in SYM theory assumes that the 't Hooft coupling λ = g 2 Y M N is small while the string perturbative expansion applies for √ λ = R 2 α ′ ≫ 1. For the BPSstates the dependence on λ is trivial due to the supersymmetry and results can be directly reproduced on the two sides of the duality [2] .
Generalizing AdS/CFT duality to non-BPS string mode sector can be guided by semiclassical considerations, as suggested in [3] [4] [5] [6] . In the BMN case [3] one concentrates on a particular "semiclassical" [4] sector of "near-BPS" states represented by small closed strings with center of mass moving along a large circle of S 5 with angular momentum J ≫ 1. For the case of far from BPS, the investigations [5, 6] had found that using the novel multi-spin string states one can carry out the precise test of the AdS/CFT duality in a non-BPS sector by comparing the λ J 2 ≪ 1 expansion of the classical string energy with the corresponding quantum anomalous dimensions in perturbative SYM theory [7] [8] [9] .
An important step towards the deeper understanding of AdS/CFT correspondence in its less supersymmetric sector was recently given by Lunin and Maldacena [10] . Lunin and Maldacena demonstrated that certain deformation of the AdS 5 ×S 5 background corresponds to a β-deformation of N = 4 SYM gauge theory in which the supersymmetry being broken was studied by Leigh and Strassler [11] . Since then there are many studies of AdS/CFT correspondence in the β-deformation Lunin-Maldacena background [12] [13] [14] [15] [16] [17] . The β-deformed spacetimes considered by Lunin and Maldacena are constructed through TsT transformation by the combination of T-dualities and a shift on the isometries of the 5-sphere part of AdS 5 × S 5 background. In this paper we will consider another deformed AdS m × S n background which is obtained by performing the dimensional reduction of the spacetime of the N D3-branes through a "twist" identification of a circle [18, 19] . The new background may be regarded as that with external Melvin magnetic flux [20] . As the nearhorizon limit of a stack of N D3-branes becomes AdS 5 × S 5 , the near-horizon limit of the new Melvin background is a magnetic-flux deformed AdS 5 × S 4 or AdS 4 × S 5 spacetime. For convenience, let us briefly describe the mechanism of "twist" identification in the KaluzaKlein dimensional reduction. The Melvin spacetime [20] is used to describe a static cylindrically symmetric magnetic flux tube. The paper of Gibbons and Maeda [18] had generalized this solution to Kaluza-Klein theory by realizing that it could be obtained from higher-dimensional theory by simply identifying points in a nonstandard way. For example, consider the 11-dimensional flat metric in M-theory, which is written in cylindrically coordinates
with the identifications (t, y m , ρ, ϕ, x 11 ) ≡ (t, y m , ρ, ϕ + 2πn 1 RB + 2πn 2 , x 11 + 2πn 1 R) . The new feature in here is that under a shift of x 11 , one also shifts (twist) ϕ by 2πn 1 RB. Therefore we can introduce the new coordinatẽ
( 1.1) and rewrite the metric as ds
with the points (t, y m , ρ, dφ, x 11 ) and (t, y m , ρ, dφ + 2πn 2 , x 11 + 2πn 1 R) identified. Now recasting the eleven-dimensional metric in the following canonical form [19] 
the corresponding ten-dimensional IIA background is then described by
3)
In this decomposition into ten-dimensional fields which do not depend on the x 11 , the tendimensional Lagrangian density becomes 5) and the parameter B is the magnetic field defined by
Since the elevendimensional spacetime is flat this metric is expected to be an exact solution of the M-theory including higher derivative terms and the Melvin spacetime is therefore an exact solution of M-theory, which can be used to describe the string propagating in the magnetic tube field background.
In section II we apply the above mechanism of "twist" identification in the Kaluza-Klein dimensional reduction to the spacetime of a stack of N D3-branes. In the near-horizon limit we obtain the spacetime of AdS 4(undef ormed) × S 5 (def ormed) spacetime. Using the method of Frolov and Tseytlin [5] , we can find a classical closed string which is rotating in deformed S 5 with two equal angular momenta J in the two rotation planes.
In section III, through the same method, we obtain the spacetime of AdS
5
(def ormed) × S 4 (undef ormed) and find a classical closed string solution which locates at a fixed value of deformed AdS 5 radius while rotating simultaneously in two planes in deformed AdS 5 with equal spins S. In both sections we also use the method of Frolov and Tseytlin [5] to investigate the small fluctuations of the solutions therein. Our results show that the magnetic fluxes have inclination to improve the stability of the string solutions. In section IV we discuss our results. The spacetime of a stack of N D3-branes in the string frame is described by the metric [21] 
and
Far from the sources, namely for r ≫ R, above metric approaches Minkowski space, since
In the "near-horizon" limit, namely the region r ≪ R, we can approximate
r 4 , and the metric becomes:
where we have introduced spherical coordinates on the transverse space, and where dΩ 2 5 is the metric on a round five-sphere. We see that the metric is naturally decomposed into two terms, one of which represents a five-sphere of radius R. Using the coordinates z = R 2 r , the above metric becomes: 4) in which the metric of five-dimensional Anti-de Sitter space is written in the "Poincaré coordinates". Therefore the geometry resulting from the near-horizon limit of the background generated by N D3-branes is the AdS 5 × S 5 , where the radii of the two spaces are both given by R. In the "cylindrically coordinates" the metric of unit-radius Anti-de Sitter space can be expressed as
To obtain the magnetic-flux deformed AdS 4 × S 5 we first express the metric (2.1) as
Then, like that in (1.1) we can twist the angle ϕ 1 along a compactified coordinate z by the following substituting 8) and, like that in (1.2), the line element (2.7) becomes
Therefore, like that in (1.3) and (1.4), the lower-dimensional theory can be described by
(2.10)
In the near-horizon limit R ≪ r the line element (2.10) becomes 12) in which we define Z ≡ R 2 /r. It is easy to see that the above geometry is conformal to
(def ormed) spacetime. Searching the string solutions in the above magneticflux deformed spacetime is the next work of this section.
String Solution in Magnetic-flux Deformed S 5
The string action we considered could be written in the conformal gauge in terms of the independent global coordinates x 13) in which ξ a = (τ, σ). In the conformal gauge √ −gg ab = η ab =diag(-1,1), the equations of motion following from the action should be supplemented by the conformal gauge constraints
Following the method of Frolov and Tseytlin [5] , we now adopt the ansatz 15) and, for convenience, take x = x 0 , y = y 0 , R = Z = 1 to find the rotating string solution. Substituting the ansatz (2.15) into metric form (2.12) the associated Lagrangian of the action (2.13) is
16) As the deformation we used does not change the properties of the translational isometries of coordinates t, ϕ 1 , ϕ 2 and ϕ 3 , there are the corresponding four integrals of motion: 17) which is the energy of the solution, and
18a)
18b) 2.18c) which are the angular momenta of the rotating string in the magnetic-flux deformed S 5 space. To find the values of energy and angular momenta we must know the function of γ(σ) and ψ(σ), and have relations between κ, ν and ω. This can be obtained by solving the equations of γ(σ) and ψ(σ) associated to the Lagrangian (2.16), and imposing the conformal gauge constraints of (2.14) . The field equations of ψ(σ) and γ(σ) are 20) respectively. The eq.(2.19) could be easily solved by setting 21) which are the same as those in the undeformed space [5] , and we will consider the case of n = 1 hereafter . Using (2.21) the field equation of γ(σ) implies
While the conformal gauge constraints (2.14b) is automatically satisfied the another conformal gauge constraints of (2.14a) implies Therefore, for a given value of γ 0 we could find the values of κ and ω. Now, the relations (2.17) and (2.18) become 26) and
Therefore, with a help of (2.24) and (2.25), the functions E and J could be expressed as the functions of a single variable γ 0 . Finally, the relation between the function E and J could be obtained. However, the relation between E and J is getting complex while increasing the magnetic flux B 2 and we will consider only the case of weak magnetic flux. To the leading order of B 2 we can use (2.27a) to express cos 2 γ 0 as a function of J . Substituting this relations into (2.26) we obtain a simple result
The second term is the corrected energy raised from the Melvin magnetic flux which deforms the S 5 . As the string with J ≥ 1 will be a unstable solution, which is investigated in the following subsection, the above result shows that the stable rotating string has a positive corrected energy. Note first that the induced metric of the spinning string solution found in this section is flat. Second, on the near-horizon limit the RR field read form (2.1c) behave as r 3 R −4 , which is ≪ 1, and there does not have NS-NS B 2 field in our spacetime after the "twisting" Kaluza-Klein reduction. Thus the action (2.13) is a proper one used here. The property also reveals in the section III.
It is also worth to mention that one should study strings in the 10d background while the reduction spacetime used in (2.12) is indeed 9d. Phenomenally, a string will sit at 4d spacetime with extra 6d be compactified. The 9d metric used here is an instructive spacetime adopted to study the effects of a magnetic flux on a spinning string. It seems that one could apply the mechanism of the "twist" identification to the 11d M-theory with a stack N Mbranes and then use some dualities (such as T duality) to find the magnetic-flux deformed AdS 5 × S 5 . As the classical string solutions we considered are merely propagating on the subspace of magnetic-flux deformed AdS 4 ×S 5 , we belive that the property we found will not be changed in the magnetic-flux deformed AdS 5 × S 5 . The problem remains to be clarified.
Stability of the String Solution
The problems of the stability of the rotating string in the S 5 had been investigated in detail in [5] by Frolov and Tseytlin. The result of appendix A.2 in [5] has shown that the rotating string is stable only if
We claim that the above criterion could still be used in the magnetic-flux deformed S 5 background, in the case of weak magnetic flux. Let us see how to arrive the conclusion. From (2.12) or (2.16) we can see that the magnetic flux B 2 only appears in the combination form "1 + B 2 cos 2 γ(σ)". Thus, during considering the fluctuation of the field γ we shall replace γ → γ 0 +γ(t, σ) in the original Lagrangian, then the combination form could be approximated by 30) in the case with a small value of B 2 . Thus, the Lagrangian used to investigate the fluctuation field γ in the deformed case is equal to that used in the undeformed case, up to a constant value " √ 1 + B 2 cos 2 γ 0 ", after rescaling the field by ϕ 1 → (1 + B 2 cos 2 γ 0 ) −1/2 ϕ 1 . Therefore, the criterion (2.29) would not be changed under a small magnetic-flux deformation. Note that although the criterion (2.29) implies 0 ≤ J ≤ 3 8 in the undeformed system, this criterion of angular momentum on a stable rotating string will be changed in the deformed system. This may be seen from (2.24) and (2.25) . The equations tell us that the value κ depends on the ω and ω depends on the B 2 .
After the calculation from the two equations it is shown that
Now we can substitute this relation into eq.(2.29) and finally obtain a new result
which is the stability criterion of the rotating string in the deformed spacetime. We thus see that magnetic fluxes have inclination to improve the stability of the string solutions.
3 String in Magnetic-flux Deformed AdS 5 × S 4
In section 2.2 we use the spacetime of a stack of N D3-branes to perform the mechanism of "twist" identification and obtain the magnetic-flux deformed AdS 5 ×S 4 after taking the limit of near horizon. In fact, we can arrive the same deformed spacetime if we use the spacetime of near-horizon limit, i.e. undeformed AdS 5 × S 5 in (2.4), to perform the mechanism of "twist" identification. In finding the magnetic-flux deformed AdS 5 × S 4 it is more convenient to adopt the second approach. Thus, we will use the near-horizon limit, i.e. undeformed AdS 5 × S 5 described by (2.5) and (2.6) to perform the "twist" identification by the following substituting
Then, after the calculations, the deformed AdS 5 spacetime is described by the following metric and magnetic field
which will be used to describe the spinning string on the deformed AdS 5 at the fixed point S 5 with coordinates γ = ϕ i = ψ = 0, for convenience.
To find the string solution we can follow the method of Frolov and Tseytlin [5] by adopting the ansatz t = κt, ρ = ρ(σ), θ = θ(σ), φ = ϕ = ωκ, (3.4) Following the method in section 2.3 it is easy to check that the solution for the case of 5) could satisfy the field equation of ρ(σ) and θ(σ) and the conformal gauge condition if
The above equations are the corresponding equations (2.24) and (2.25) in the deformed S 5 space.
The energy and spin in the deformed AdS 5 spacetime could be calculated as before and (3.8a) and
Therefore, with a help of (3.6) and (3.7) , the functions E and S could be expressed as the functions of a single variable γ 0 . Finally, the relation between the function E and S could be obtained. The problem of the stability of the above spinning string could be investigated as that in section 2.4. From eq.(3.2) we can see that the magnetic flux B 2 only appear in the combination form "1 + B 2 sinh 2 ρ(σ)". Thus, in considering the fluctuation of the field ρ by replacing ρ → ρ 0 +ρ(t, σ) in the original Lagrangian, the combination form could be approximated by (3.9) in the case with a small value of B 2 . Thus, the Lagrangian used to investigate the fluctuation in the deformed case is equal to that in the undeformed case, up to a constant value " √ 1 + B 2 sinh 2 ρ 0 " , after rescaling the field by θ → (1 + B 2 sinh 10) which is derived in appendix A.1 in [5] can be applied in the deformed system. As that in the section 2, although the criterion (3.10) implies 0 ≤ S ≤ 5 8 7 2 in the undeformed system, this criterion of a stable spinning string will be changed in the deformed system. This fact could be easily seen from (3.6) which shows that κ 2 is the function of B 2 .
Now, from the equations (3.6) and (3.7) we can easily express S as a function of κ 2 , in the case of weak Melvin magnetic flux. The relation is
Substituting this relation to the criterion (3.10) we finally obtain a new result 0 ≤ S ≤ 5 8 7 2 + 25 32 (3.12) which is the stability criterion of the spinning string in the deformed AdS 5 spacetime. We thus see that magnetic fluxes have inclination to improve the stability of the string solutions. Finally, it shall mention two works which also investigate the string theory in an externalfield deformed spacetime. In [16] , the spinning closed string configurations on the KlebanovTseytlin (KT) background was studied. The KT spacetime is a logarithmic deformation of AdS 5 with non-trivial NS B-field and it is conjectured to be dual to a non-conformal N = 1 SU(N + M) × SU(N) gauge theory. In [17] , Gursoy and Nunez studied SL(3, R) deformations of a type IIB background based on D5 branes that is conjectured to be dual to N = 1 SYM. They had argued that this deformation of the geometry corresponds to turning on a dipole deformation in the field theory on the D5 branes. The similar deformations of the geometry that is dual to N = 2 and N = 0 SYM had also been studied.
Conclusion
The Melvin metric [20] is a solution of Einstein-Maxwell theory. It provides us with a curved space-time background in which the superstring theory can be solved exactly [22] . In the Kaluza-Klein spacetime the Melvin solution is a useful metric to investigate the decay of magnetic field [19, 23] and the decay of spacetimes, which is related to the closed string tachyon condensation [24, 25] . The fluxbranes in the Melvin spacetime have many interesting physical properties as investigated in the resent literatures [26] [27] [28] .
In this paper we use the mechanism of "twist" identification in the Kaluza-Klein dimensional reduction [18] to find the new Melvin spacetime in which the AdS 5 ×S 5 is deformed by the magnetic flux. Depending the coordinate of the twisted circle we consider two deformed spacetime: AdS 4(def ormed) × S deformed spacetime we use the method in [5] to find the string solutions. Our results indicate that magnetic fluxes have inclination to improve the stability of the string solutions.
There are many problems remain to be studied. First, besides the motions of rotation and spinning the string may also pulsate on the AdS 5 × S 5 [29] . It is interesting to see the effect of the magnetic flux on the spinning pulsating string. Next, it is known that the continuum limit of the SU(2) Heisenberg spin chain was shown to reproduce the action describing strings rotating with large angular momentum in an S 3 section of S 5 [30] . This identification can improve our understanding of the AdS/CFT correspondence. A natural question here is to find an integrable spin chain system which related to the string nonlinear sigma model on the magnetic-flux deformed spacetime. At first sight, it may be the SU(2) Heisenberg spin chain with external magnetic field. Finally, it is important to find the Yang-Mills operators corresponding to the spinning strings in the magnetic-flux deformed spacetimes. The problems are investigating now.
